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Abstract 






We classify all massive irreducible representations of super Poincare va. D = 10. 

New Casimir operators of super Poincare are presented whose eigenvalues com- 
^^ . pletely specify the representation. It is shown that a scalar superfield contains three 

irreducible representations of massive supersymmetry and we find the correspon- 
L^ ■ ding superprojectors. We apply these new tools to the quantization of the massive 

'^ . superparticle and we show that it must be formulated in terms of a superfield B^y 

5t ! satisfying an adequate covariant restriction. 
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1 Opening words 

In four dimensions a massive scalar superfield can be written in a unique form as a 
chiral, an antichiral and a transverse superfield. In this work we describe the analog of 
this in D = 10. We shall see that a scalar superfield \l/(a;^, 6"') can be written in a unique 
way as the sum of three superfields that correspond to the 44, 84 and 128 irreducible 
representations of supersymmetry. We explicitly construct superprojectors to this three 
subspaces. 

In section 2 we put forward the massive supermultiplets in D = 10 and show that 
a given representation of 5*0 (9) induces a massive representation of super Poincare. 
Starting from the Casimir of Zumino and Pasqua pQ we construct a set of four Casimir 
operators of super Poincare whose eigenvalues specify the irreducible representation of 
super Poincare. In section 3 we use this information to discover the massive irreducible 
representations inside a scalar superfield. Using the previously constructed Casimir 
operators we find the superprojectors to this irreducible representations and write them 
in terms of the covariant derivatives. In section 4 we employ these new tools to solve 
the non-trivial problem of the covariant quantization of massive superparticles in ten 
dimensions. Section 5 is the mandatory section devoted to draw some conclusions. 

2 Massive supermultiplets in D = 10 

Before beginning our search for superprojectors we need to know what can be found inside 

a superfield. That is, we need to classify all the irreducible representations (irreps) of 

super Poincare 

Theorem 

Massive irreducible representations of the super Poincare algebra are labelled by an 

irreducible representation of S0{9), we call R and the mass. The spin content of such 

representation can be obtained from the product decomposition _R®44©_R®84©_R(8)144 

Proof 

Suppose we have a space TC that supports an irreducible representation of super Poincare. 

Select the finite dimensional subspace Tim that satisfies the conditions 

P,\v) = S,^om\v) ^\v)eV (1) 

This space naturally carries a representation of 5*0(9). The algebra of the supercharges 
now takes the form 

{Qa,Q,}=2mS,, (2) 

Note that Qj, = Ji°'Qa and we cannot impose the condition Qa \v) = as in D = 4. We 
then define the creation an annihilation operators 

"^ {Qa + iQs+a) 



\/1m 
h\ = -L (Q„ - zg8+„) (3) 

a = 1 8 



In Tim let us consider the set of states \v) G V that satisfy 

ha \v) = (4) 

We call V the characterizing space. Observe that any state in Tim can be written as 
(^a)^ |f ) for some |f) G V with < fc < 8. In this way Tim is decomposed into a tensor 
product Tim = V ® T, where T is a 2® dimensional vector space build from a vector in 
V and the creation operators. 

Neither V nor T are invariant under the transformation generated by Jij. But we shall 
see that there is a representation of 5*0(9) acting in V, with generators Vij and another 
representation acting on T with generators Tij such that the representation defined by 
Jij can be considered the tensor product of this two representations. To prove this we 
construct the following operator in the whole space PP 

with the important property [Qa, C^y] = 0. In other words the operator C^j, fulfils the 
condition C^j^V G V. As far as the V subspace is concerned the operator is Cij. We 
define, following 1 , Vij = —:\Cij. The algebra of this operators is the algebra of 
5*0(9). The other generators are Tij = -^QSijoQ. It is easy to see that [Tjj,V;fc] = 
because [Qa, C^y] = so they act on different spaces. The next step is to prove that 
the representation of 5*0(9) provided by Tij is the direct sum 44 © 84 © 128. There is 
a part of the Jij that does not mix the creation and annihilation operators, this is the 
5f/(4) X 5f/(2) subgroup of 5*0(9) (see j2]). So we may say that the index a transforms 
in the (4,2) representation of 5?7(4) x SU{2) or, what is the same in the [0,0,1,1] 
representation (the first three numbers indicate the Dynkin label for the 5*[/(4) = A^ 
representation and the last one is the Dynkin label for Ai). To see the irreducible 
representations of 5f/(4) x 5f/(2) in T we need to know what irreducible representation 
appear in the antisymmetric product of [0,0,1,1]'^ for k = 0, ..,8. This is done quite 
easily with the program BDE|^. 

([0,0,1,1])^ ^[0,0,0,0] 
[0,0,1,1] ^[0,0,1,1] 
([0, 0, 1, 1] X [0, 0, 1, 1])a -^ [0, 0, 2, 0] + [0, 1, 0, 2] 
([0,0,l,l])i^[0,l,l,l] + [l,0,0,3] 
([0, 0, 1, 1])^ -^ [0, 0, 0, 4] + [0, 2, 0, 0] + [1, 0, 1, 2] 
([0,0, 1,1])^ ^[0,0, 1,3] + [1,1, 0,1] 
([0,0, 1,1])^ ^[0,1, 0,2] + [2, 0,0,0] 
([0,0, 1,1])^ ^[1,0, 0,1] 
([0,0, 1,1])^ ^[0,0, 0,0] 



Studying the branching rules of 50(9) 
rearrange them into irreps of 5*0(9) 



5f/(4) X SU{2) irreps [2J we are able to 



[0, 0, 0, 2] = [0, 0, 0, 0] + [0, 0, 0, 4] + [0, 1, 0, 2] + [2, 0, 0, 0] 

44 (1,1) (1,5) (6,3) (20,1) 

[0, 0, 1, 0] = [0, 0, 0, 0] + [0, 2, 0, 0] + [0, 0, 2, 0] + [0, 1, 0, 2] + [1, 0, 1, 2] 

84 (1,1) (10,1) (10,1) (6,3) (15,3) 

[1, 0, 0, 1] = [0, 0, 1, 1] + [1, 0, 0, 1] + [1, 0, 0, 3] + [0, 0, 1, 3] + [1, 1, 0, 1] + [0, 1, 1, 3] 

128 (4,2) (4,2) (4,4) (4,4) (20,2) (20,2) 

where we have written each branching in two different notations. The first line shows 

how the Dynkin labels of 50(9) break down in Dynkin labels of 5f/(4) x SU{2). The 

second line in each case merely indicates the dimension. 

So, the characterizing space carries a representation of 50(9), call it R, and the creation 

operators fit into irreducible representations of 50(9), (44,84,128). The complete set 

of irreducible representation of 50(9) inside a super Poincare representation (the spin 

content) is given by the decomposition of the products (44 (g) _R, 84 ® R, 128 ® R). 

For example if we start with the [0,0,0,0] irrep of 50(9) we obtain the smallest irrep 

of super Poincare, whose field content is a 44 irrep of Poincare, a 84 irrep of Poincare, 

and the 128 irrep of Poincare. We will call this the 1 irrep of super Poincare. Note that 

although we start from an irrep of Poincare to build and irrep of super Poincare just as 

in D = 4 in this case there is no relation between the irrep we start with and the spin 

content of the irrep we obtain. 

The following table shows the spin content of some massive supermultiplets 



Irrep 


Bosonic fields 


Fermionic Fields 


1 


44+84 


128 


9 


9+36+126+156+231+594 


16+128+432+576 


16 


9 + 36 + 44 + 84 + 126 + 231 + 594 + 
924 


16 + 2 X 128 + 432 + 576 + 768 


36 


9 + 36 + 44 + 84 + 126 + 231 + 594 + 
910 + 924 + 1650 


16+2x128+432+576+768+2560 


44 


1 + 36 + 44 + 84 + 231 + 45 + 495 + 
924 + 2457 


16 + 128 + 432 + 576 + 1920 + 2560 


84 


1 + 36 + 44 + 2 X 84 + 126 + 231 + 
495 + 594 + 2x924 + 1980 + 2457+ 

2772 


16 + 2x128 + 2x432 + 576 + 672 + 
768 + 2560 + 5040 


128 


1+9+2x36+44+2x84+2x126+ 
156+2x231+495+2x594+910 + 
2x924 + 1650 + 2457+2772 + 3900 


2x16+3x128 + 3x432+2x576 + 
672 + 768 + 1920 + 2 x 2560 + 5040 



Table 1: Massive supermultiplets in D = 10 



To close this section we would like to make the following observation regarding the 



Casimir invariants of the super Poincare algebra. There are four Casiniir operators of 
5*0(9) and since every representation of supersymmetry can be build from a representa- 
tion of 5*0 (9) it is natural to expect that there would be some equivalent invariants. In 
fact they are constructed from C^,^ as follows 



^flU^ "-^4 ^fJ.l/J.2^ ^A«3M4' 

. . . r r<Pi2Pi (^^_^ _ r< 



n — n n np\2P\ n — n npi&pi 

^& — ^il\H,2 ' ' ' ^fJ.llPl2^ ^8 — ^tJ.lP2 ' ' ' ^ 



To calculate their eigenvalues the safest way is to compute them in the characterizing 



4p 



space V. There Cij = —^Vij and so the eigenvalues of C2p are ^^hp- 

3 Superprojectors 

Once we have classified all the irreducible representations of supersymmetry our next 
commitment is to understand what irreducible representations of supersymmetry dwell 
inside a scalar superfield. This problem is more or less easy to solve if we rely on our 
previous work. The solution is given by the following general principle, valid in all di- 
mensions, any number of supercharges, and for a superfield with any kind of index: 
The field content inside a superfield is the same that the spin content inside a represen- 
tation of supersymmetry. 

Let us explain a little more the content of this useful statement. In four dimensions and 
N = 1, the smallest supersymmetry representation contains two scalars and a spin 1/2 
particle, in turn the scalar superfield contains two superspin zero representations and 
one superspin 1/2. 

Let us transliterate this to Z) = 10. In ten dimensions the smallest supersymmetry 
representation has a 44, an 84 and a 128 irreducible representation of Poincare and a 
scalar superfield has a 44, an 84 and a 128 irreducible representations of super Poincare 
The reason for this is, of course, that the algebra of the covariant derivatives is the same 
that the algebra of the supercharges and we can proceed exactly as before, splitting the 
derivatives and then rearranging them into SO (9) representations. 

In four dimensions there are two competitive mechanisms to construct superprojectors. 
One takes advantage of chirality H] and the other tries to find a complete set of Casimir 
operators |5j |6j. The first method turns out to be more successful because in a general 
superfield a given representation occurs more than once and for A^ = 3, 4 there are sim- 
ply not enough invariants. It is curious that in Z^ = 10 it is the second method that is 
succesful because there is no chirality condition. 

All that we need is a Casimir of super Poincare K that has three different eigenvalues 
Ai, A2 and A3 for the 44, 84 and 128 representations, then the three projectors are given 



by: 

"-- (A.-A0(A.-A3) <^'-^-^><^'-^--^' <1°) 

"-^ (A3-A0(A3-A.) <^^--^-^)<^^--^'^' (") 

A simple look a table |2l shows that the C2 Casimir is not good enough but the C4 Casimir 
satisfy our needs. 

In superspace these projectors can be written, as in D = 4 solely in terms of covariant 
derivatives since, 



Cfj,u - P^ [J[tJivPp] + -^QS^upQ j - ~'^^''^^f^''p^ 



(12) 



Note that L^^^Pp^ = 0, where L^j, = Xf^P^, — X,,Pp, then use flA.9jl and (jA.lOjl to write 
Ha and B" in terms of Qa and Da- 

A further simplification of the superprojectors can be achieved by noting that W2 can 
be used to build a superprojector into the 84 irreducible representation, so that P84 is 
simply written as 

C2-a 9C2-28P^ , , 

where a = ^^^ is the eigenvalue for the 44 or the 128 representations and /3 = 4P^ is 
the eigenvalue for the 84 representation. Of course the C4 can also be used to construct 
P84. This gives us a relation between {W^)'^, W4 and W2 which shows that the three 
superprojectors are linear in W2 and W4. 

Finally let us remark that to find the irreducible representation of a superfield with some 
index all we have to do is to read the table [T] For example the supermultiplets inside 
a divergenceless, vector superfield Af, is (9 ® 44) © (9 ® 84) © (9 ® 128), to find the 
corresponding superprojectors is another game. For a concrete example see the next 
section. 



4 Application: Quantization of a superparticle 

The initial motivation for this study came from the observation in |;7^ that with a su- 
perprojector in ten dimensions we might have a chance to describe the correct quantum 
mechanics of massive superparticles. In this section we apply the new tools we have 
found to this problem. We shall see that the knowledge of the superprojectors provides 
us with a powerful mechanism to select irreducible representations inside a superfield. 
We start from an action for a massive superparticle in ten dimensions 

S=^ I [e-^uj^^uj^r]^, - m'e)dT (14) 



with u!^ = x^ + iO^-S^^f^O . In this system we have a first class constraint related to the 
invariance under reparametrization and a family of second class constraints. 



{4, 4} = -2ip^S^^^ 



(15) 
(16) 



Because of the presence of second class constraints the standard algorithm instructs us 
to substitute the Poisson brackets with Dirac brackets. As a result we obtain the algebra 






2p 



K,^"}i 



p2 



where 



J^,u 



L^" 



x^f 



xV 






4 



TTn 



-Wf, 



S^„J' 



(17) 
(18) 
(19) 

(20) 
(21) 
(22) 



Straightforward canonical quantization now demands to switch Dirac brackets by com- 
mutators. So that our problem is now to find a set of operators that fulfil the quantum 
algebra 






_ p CM ab 

- 2P^^^ 

jP)b 

p CM Qu ca 



p2 



where S^*^ is the internal angular momentum given in this case by 

-1 



-'fii/ 



^-e^^^n 



(23) 

(24) 
(25) 

(26) 



It is not difficult to show that for this algebra the invariant C2 defined above is zero, 
indeed C^^, is zero because it is zero in te characterizing space so it is zero everywhere 
by supersymmetry. That is, a quantum superparticle is described by a 1 irrep of super 
Poincare. But we would like to implement the algebra as a set of operators acting in 
Hilbert space of superfields. 

The idea in |Hj was that this algebra can be implemented at the quantum level if we find 
a superprojection operator P that meet the requirements 



\Qa] 






[F, Jf..] 







(27) 
(28) 



Then a set of operators (X^, O") that satisfy the quantum algebra of superspace would 
be given by the rule 

JC" = PX^P 6" = Pe'^P (29) 

We now have three such projectors and hence we have three representations of the 
algebra. The problem is that for these representations the internal angular momentum 
is not given by (PBj) but has a more complex expression 

S;.. = ^ 65^.11 + T^. (30) 



4 

-pe5„^np + -95.^11 = -^, 

^ f^'^ 4 f^ 32P 



T^^ = ^PeS^^nP + -95^^11 = ^^FDS''S'"'DF (31) 



This extra term can also be written in terms of the operator defined earlier jHj C^i, as 
Tfj^i, = P°'P[aC^u]. In four dimensions there are projectors (for a scalar superfield) such 
that T^y = 0, but this is no longer true in D = 10. For the three projectors we have found 
the term C^i, is strictly non-zero. If we want to realize the algebra we need to consider 
a different superfield. Now table ^ comes handy. To get the correct algebra we need the 
smallest super multiplet. The simplest superfield which contains such a representation is a 
symmetric, traceless and divergenceless tensor B^u{x^, 9°") that transforms in the 54 irrep 
of 5*0(9, 1). The 54 irrep decomposes as the 44+9+1 irreps of 50(9) so that the irreps of 
super Poincare inside this superfield are given by the (44 © 9 © 1) ® (44 © 84 © 128). The 
1 representations occurs only once (in the decomposition of 44 ©44). For this superfields 
the generators of super Poincare take the same form that for a scalar superfield except 
the generators of Lorentz transformations: 

The new term R^y is responsible for the transformation of the indices of the superfield. 
As before we can construct the tensor 

C,y = PP (j[,.Pp] + ^QS,y,Q\ = P" ('i?[^.P«] - ^DS,y^D\ (33) 

And the corresponding Casimir O2. We know that inside a B^^ superfield there is a 1 
irrep of super Poincare (and only one), so we are allowed to set the restriction 

C2B^y = (34) 

We can also construct a projector to this representation. First we need to calculate all 
the irreps inside B^y as we have indicated. Then we compute the eigenvalues of 0*2, A,. 
Different irreps inside B^^ may have the same Aj, but that does not disturb us. The 
projector is then 

" n.(-A.) ^''^ 



Every projector P satisfies FDJP = and that is all we need to understand that we have 
a correct covariant quantization of the massive super particle in D = 10. Indeed, for the 
same reason as before, not only C2 is zero but also (7^,^. To avoid confusion let us rename 
the indices of the superfield B^^, by Bm so that the Lorentz generators may be written 
as [Rfj^y)j^^ . The equations for a superfield describing first quantized superparticles are 
then 

^^DS,,pDP''Bm{x, 9) = P^(P[,i?^,]),/5^(x, 9) (36) 

(P' + m')5M(a;,^)=0 (37) 

A rapid look at these equations reveals its non-trivial character. In four dimensions a 
massive spin 1 particle is described by Proca equations 

(P2 + rn'^)A^ = d^'A^ = (38) 

If m, 7^ they are equivalent to d^F^,^ = m^A^ and the limit m = of this equation 
gives Maxwell equations. Something similar happens with supersymmetry. Super Proca 
equations are 

DV = D^V = (P2 + m'^)V = (39) 

For massive particles this equations are equivalent to 



^ (e'^'DaD'D, + e'^'D^D^Di^ + m' 



^g,- -.- -. .- -„, . - V = (40) 

In the limit m = this reproduces the equations of super Maxwell. In view of this it is 
tempting to think that there exists a limit of ()3(ill37j) which reproduces super Maxwell. 



5 Concluding words 

In 1977 ten dimensional super Yang-Mills theories were discovered. Since then, an im- 
mense amount of work has been devoted to its study and comprehension. Many secrets 
of those theories have been uncovered but there seems to be many more yet to be dis- 
covered. To date not entirely satisfactory explanation exits for the off-shell structure of 
super Yang-Mills theories. Whatever the solution of the problem will turn out to be we 
are confident that the present work represents a necessary step in that direction. 
We have classified all massive multiplets in ten dimensions (see table Q). With this in- 
formation we have found the supermultiplets inside a scalar superfield. More important, 
we have constructed superprojectors to this supermultiplets P44, P84 and P128 in terms of 
covariant derivatives. In other words we have found the possible restrictions that can be 
imposed covariantly on a scalar superfield. Our equations are the closest one can get in 
D = 10 to a chirality condition whose importance in Z^ = 4 is difficult to overestimate. 
As an example we have found the correct quantization of massive superparticles in ten 
dimensions providing a covariant equation for a superfield B^,j whose solution is the 1 
supermultiplet. The zero mass limit of equations (jH^ and (jHTj) should be intimately 
related to the problem of the covariant quantization of the massless superparticle and 
the off-shell structure of super Yang-Mills theories. But the precise relationship, if it 
exist, is deferred to future work. 
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A Gamma matrices 

Here we fix conventions and notations. The metric is rj^y = diag(— 1, +1, ..., +1). Gamma 
matrices satisfy 

{r^',r''} = -2r]^"' (A.l) 

the indices run /x = 0, .., 9. We find a representation in which this matrices are antidia- 
gonal 

I,. T) (A.2) 

with S^ = S^ = I and S^ = —S\ The matrix are constructed inductively if F^ are the 
matrices in D dimensions F^ are Dirac matrices in D — 2 we have 

S' = rW i = l,2,...,D-3 (A.3) 

5^-2 = iwro^ 5^-1 = w (A.4) 

W = (J °,) (A,5) 

where W is the Weyl matrix in D — 2. A compatible selection of indices is S^ : and 

S^"-, where a dot means they transform in the conjugate representation, a = 1,...,16. 
In D = 10 there is a matrix J^^ that converts one index into another. We define the 
symmetric matrices S^^^^ = S^ -J^^^ and hope there is no confusion. All spinors are 

Majorana A" = J"'J^^- We define 

Q b Q Q bb Q Q bb ( A fi\ 

•^t^^a ~ '-'fiab'-'iy ~ '-'uab'-'fJ. \^-^) 

S^upab = ^ [S^^i^S^^'^S^cc-Jb^ ± antisymj (A.7) 

Note that S^j^^p is antisymmetric in a, b. The generators of Poincare are jSf^^. 
Superspace is parameterized by {x^,9"'). In this superspace the representation of super- 
symmetry and covariant derivatives is 



P^ = -idp lia = -idaJpu = X^P, - X,P^ - -QS^^Ii (A.8) 



1 

— I 
4 



Qa = I^a- ^P,S\,Q' (A.9) 

Da = lTla-P,S^ab'^' (A. 10) 
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Important relations 






[J,u,Qa] = -^S^\Vb (A.ll) 

{Qa, Qb} = {Da, D,} = 2P^S\, (A.12) 

B Some group theory 

5*0(9) is the Lie group B^^. An irreducible representation is given by four numbers 
[01,02,03,04], the Dynkin labels. The dimension of this representation is computed by 
Weyl's formula (see JHI)- A representation will be some times named after the dimension 
or after the Dynkin labels. Racah [21 has shown that there are four independent Casimir 
operators for this group that we can write as 

h = Jij J'' h = Jni, f''' Ji,u J'''' (B. 13) 

h = J^,i, ■ ■ ■ J''''' h = J^,^, " " " J''''' (B.14) 

We will only need the I2 and J4 invariants but we list all for the readers convenience. 
The value of the invariant l2p was computed in a beautiful paper by S. Okubo (TU] and 
the result is (for us ra = 4, these formula are valid for S0{2n + 1)) 




fc=i 



^2p 

rrij — — + n 



rrij — 1 T-i- {rrij — 1)^ — (m^) 



-n^^^Efe?^ -=' (B.15) 



2 J ruj f-1 (^^.)2_(^^) 



where 






n-1 

a 



/fc = ^ + ^Oi k^n 



2 

i=k 

rrii = li + n — i -\ — (B.16) 

With this data we can fill the table |21 

Some values are easy to calculate, for example the value of the J2p Casimir for the 
spinor representation can be computed form Clifford algebra and the result is 
^^ {{D — 1)^*'^^ + 1) that in the special case of Z^ = 9 reduces to 2^^ + ^^1-3 ■ The value 
of a Casimir for a given representation R is denoted by I^ . For example I^^ = 14520. 
Irreducible representations of Poincare V = 50(9, 1) ®5 T4 can be obtained from those 
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Dynkin 


Dimension 


h 


h 


h 


h 


[1,0,0,0] 


9 


16 


464 


29136 


1864144 


[0,0,0,1] 


16 


18 


256.5 


4096.125 


65536.03125 


[0,1,0,0] 


36 


28 


644 


29568 


1441804 


[2,0,0,0] 


44 


36 


1404 


108936 


8805924 


[0,0,1,0] 


84 


28 


644 


29568 


1441804 


0,0,0,2] 


126 


40 


680 


14520 


325960 


[1,0,0,1] 


128 


36 


931.5 


51291 


3471782.90625 



Table 2: Irreducible representation of 5*0(9) 



of SO (9) as usual. From the l2p invariants we build a Casimir for V. First define the 
analog of the Pauli-Lubanski four vector 



W, 



tiup 






(B.17) 
(B.18) 



This tensor commutes with P^ so we can build Casimir invariants in complete analogy 
with the l2p operators 



W2 = W^.W^ W^ 






To compute the eigenvalues consider a state |^) that satisfies: 

Po|^) = m|^) P, |^)=0 z = 1..9 

For this state we have 



W, 



ijO 



2 777, Jij 



Wijk = t,j,k=1...9 



w 



2p 



-r^y'L 



2p 



(B.19) 



(B.20) 



:B.2r 



Finally the computer program BDEJSI has been useful in more than one way. For example 
to compute the antisymmetric product decomposition ([0, 0, 1, 1])'' of the group ^3 x Ai 
all we need to write is 

> alt.tensor (4, [0,0,1,1] ,A3*A1) 

and the machine gives the answer. 

References 

[1] Bruno Zumino and Andrea Pasqua, "Constraints and Superspin for SuperPoincare 
Algebras m Diverse Dimensions" Phys. Rev. D 70, 066010 (2004) , |hep-th/0404219| 



12 



[2] R. Slansky "Group theory for unified model building" Phys. Reports Vol. 78 N. 1, 
pp. 1-128 (1981) 



[3] 
[4] 

[5] 

[6] 

[7 



[9 

[lo: 



A. M. Cohen, M. van Leeuwen and B. Lisser, http://www.cwi.nl/~maavl/LiE 

W. Siegel and S. J. Gates, "Superprojectors" Nucl. Phys. B, Volume 189, Issue 2, 
p. 295-316. 

E. Sokatchev, "Projection operators and supplementary conditions for superfields 
with arbitrary spin", Nucl. Phys. B, Vol. 99, pp. 96-108 (1975) 

V. Rittenberg and E. Sokatchev "Decomposition of extended superfields into irre- 
ducible representations of supersymmetry" , Nucl. Phys. B, Vol. 193, pp. 477-501 
(1981). 

J. Stephany, A. Restuccia and Nicolas Hatcher "The quantum algebra of superspace" 
Phys.Rev. D73 (2006) 046008, |hep-th/051 10661 



J. Stephany, A. Restuccia and Nicolas Hatcher "The quantum algebra of N super- 
space ", hep-th/0604009 

G. Racah, "Sulla caratterizzazione delle rappresentazioni irriducibili dei gruppi 
semisemplici di Lie", Lincei Rend. Sci. Fis. Mat. Nat., Vol. 8, pp. 108 (1950) 

Susumu Okubo, "Casimir operators and vector operators in simple Lie algebras", J. 
Math. Phys. Vol. 18 pp. 2382 (1977) 



13 



